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Polyelectrolytes

2

Sodium Poly(styrene sulfonate)

(NaPSS)

R = CH2COONa
or

R = H

Sodium Carboxymethyl Cellulose

(NaCMC)



Polyelectrolytes with Divalent Counterions
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Magnesium Poly(styrene sulfonate)

(MgPSS)

n

Mg2+

n

R = CH2COO–

or
R = H

X2+ Carboxymethyl Cellulose

(X2+CMC)

X2+

X = Mg, Ca, Mn,
Co, or Ba



Church of the Holy Blob

Chains in Semidilute Solutions Chains of Blobs
Chain Size

𝑅 = 𝜉 Τ𝑁𝑤 𝑔 0.5

Correlation Length (Blob)

𝜉 = 𝐷𝑒 Τ𝑔 𝑔𝑒 = 𝑙 Τ𝑔 𝐵𝑝𝑒

Electrostatic Blob

𝐷𝑒 = 𝐷𝑡ℎ Τ𝑔𝑒 𝑔𝑡ℎ
0.588 = 𝑙 ൗ𝑔𝑒

0.588 𝐵𝑔

Thermal Blob

𝐷𝑡ℎ = 𝑙𝑏𝑔𝑡ℎ
0.5 = 𝑙 Τ𝑔𝑡ℎ

0.5 𝐵𝑡ℎ

Nw – weight-average degree of 

polymerization

l – monomer projection length

b – Kuhn length 4



Correlation Length

𝜉 = 𝑙𝑔𝜈/𝐵

Space-filling 

condition

𝑔 = 𝑐𝜉3

𝜉 = 𝑙𝐵1/ 3𝜈−1 𝑐𝑙3 𝜈/ 1−3𝜈

𝑔 = 𝐵3/ 3𝜈−1 𝑐𝑙3 1/ 1−3𝜈

Macromolecules 2021, 54, 1859
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Unentangled (Rouse) Dynamics

Chains of Blobs Blob Relaxation Time

𝜏𝜉 =
𝜂𝑠
𝑘𝐵𝑇

𝜉3

Longest Chain 

Relaxation Time

𝜏𝑅 = 𝜏𝜉
𝑁𝑤
2

𝑔2
=

𝜂𝑠
𝑘𝐵𝑇

𝑁𝑤
2

𝑔𝑐

Terminal Shear Modulus

𝐺 = 𝑘𝐵𝑇𝑐/𝑁𝑤

Solution Viscosity

𝜂 − 𝜂𝑠 = 𝐺𝜏𝑅 = 𝜂𝑠 Τ𝑁𝑤 𝑔

Specific Viscosity

𝜂𝑠𝑝,𝑅 =
𝑁𝑤
𝑔
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Viscosity Data Analysis
Aqueous solutions of NaCMC and X2+CMC with 𝑁𝑤 = 720 and 1250 and 𝑙 = 0.515nm.

𝜂𝑠𝑝,𝑅 = 𝑁𝑤/𝑔 = 𝑁𝑤𝐵
3/(1−3𝜈)(𝑐𝑙3)1/(3𝜈−1)

Low salt correction
(Macromolecules 1995, 28, 1859)

𝑔 = 𝑙 𝐵𝑝𝑒
1.5 𝑐𝑙3 −0.5 1 +

2𝑐𝑠
𝑧𝑓∗𝑐

0.75

𝜈 = 1
𝐵 = 𝐵𝑝𝑒

𝜑eff
0.5 = 𝜑0.5 1 + 2𝑐𝑠/𝑧𝑓

∗𝑐 −0.75

Residual salt concentration 

Τ𝑐𝑠 𝑓∗ = 3.3×10-4M (Na+)

Τ𝑐𝑠 𝑓∗ = 2.0×10-4M (X2+)

𝜈 = 0.588
𝐵 = 𝐵𝑔

𝜈 = 0.5
𝐵 = 𝐵𝑡ℎ

𝐵 = 𝐶𝑝
Τ1 3−𝜈

𝜑 = 𝑐𝑙3

Viscosity data from: Lopez & Richtering, Cellulose 2019, 26, 1517 and Lopez, et al., Macromolecules 2017, 50, 332
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Extracting Molecular Parameters

Kuhn length

𝑏 = 𝑙 𝐵𝑡ℎ
−2

2.2nm (NaPSS) 

2.0nm (MgPSS)

6.8nm (NaCMC) 

7.1nm (X2+CMC)

Excluded volume

𝑣 = 𝑙𝑏 1.5
𝐵𝑔

𝐵𝑡ℎ

1
1−2𝜈

0.11nm3 (NaPSS) 

0.052nm3 (MgPSS)

1.77nm3 (NaCMC) 

0.89nm3 (X2+CMC)

8



Free Counterions

Fraction 𝑓∗ of free counterions:

𝑙𝐵 𝑓∗𝑔𝑒
2

𝐷𝑒
𝑘𝐵𝑇 ≈ 4𝑘𝐵𝑇 ⇒ 𝑓∗ ≈

2

𝑔𝑒

𝐷𝑒
𝑙𝐵

0.5

Bjerrum length in water 𝑙𝐵 = 0.7nm

7.1% (NaPSS) 

2.0% (MgPSS)

11.8% (NaCMC) 

6.8% (X2+CMC)
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Free Counterions

Counterions are largely condensed 

inside the electrostatic blobs

Fraction 𝑓∗ of free counterions:

𝑙𝐵 𝑓∗𝑔𝑒
2

𝐷𝑒
𝑘𝐵𝑇 ≈ 4𝑘𝐵𝑇 ⇒ 𝑓∗ ≈

2

𝑔𝑒

𝐷𝑒
𝑙𝐵

0.5

Bjerrum length in water 𝑙𝐵 = 0.7nm

7.1% (NaPSS) 

2.0% (MgPSS)

11.8% (NaCMC) 

6.8% (X2+CMC)
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Conclusions

Multivalent counterions

• do not significantly affect the Kuhn length (~10%)

• reduce the excluded volume by a factor of two

• reduce the fraction of free counterions
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